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A DECOMPOSITION OF CONTINUITY IN IDEAL BY 
USING SEMI-LOCAL FUNCTIONS 


R. SANTHI AND M. RAMESHKUMAR 


ABSTRACT. In this paper we introduce and investigate the notion 
of a-Z,-open, semi-Z,-open and pre-Z,-open sets via idealization 
by using semi-local functions and we obtained new decomposition 
of continuity. 


1. INTRODUCTION 


Ideal in topological space have been considered since 1930 by Kura- 
towski [9] and Vaidyanathaswamy[14]. After several decades, in 1990, 
Jankovic and Hamlett|6] investigated the topological ideals which is 
the generalization of general topology. Where as in 2010, Khan and 
Noiri[7] introduced and studied the concept of semi-local functions. 
Tong [13] and Hatir et al.[4] introduced B-sets in 1989 and C-sets in 
1996 respectively to obtain a decomposition of continuity in topologi- 
cal space. Finally in 2002 Hatir et al. [5] introduced Bz-sets, Cz-sets, 
a-I-sets, semi-Z-sets to obtain a decomposition of continuity in ideal 
topological spaces. 

In this paper we introduce Bz,-sets, Cz.-sets, Sz.-sets, a-Z,-sets, 
semi-Z,-sets and pre-Z,-sets to obtain a decomposition of continuity in 
ideal topological spaces by using semi-local functions. 


2. PRELIMINARIES 


Let (X,7) be a topological space with no separation properties as- 
sumed. For a subset A of a topological space (X,7), cl(A) and int(A) 
denote the closure and interior of A in (X,7) respectively. 

An ideal Z on a topological space (X,7) is a nonempty collection of 
subsets of X which satisfies: (1) A € Z and B C A implies B € T 
(2)A €T and B €T implies AUB EZ. 
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If (X,7)is a topological space and T is an ideal on X, then (X,7, Z) 
is called an ideal topological space or an ideal space. 

Let P(X) be the power set of X. Then the operator ()* : P(X) > 

P(X) called a local function [9] of A with respect to 7 and Z, is defined 
as follows: for A C X, A*(Z,7) = {x € X : UNA ¢ T for every open set 
U containing x}. We simply write A* instead of A*(Z,7) in case there 
is no confusion. For every ideal topological space (X, T, T) there exists 
topology 7* finer than 7, generated by 6(Z,7) = {U\ J: U € 7 and 
J € T} but in general 6(Z,7) is not always a topology. Additionally 
cl*(A) = AU A* defines Kuratowski closure operator for a topology T* 
finer than 7. Throughout this paper X denotes the ideal topological 
space (X,7,Z) and also int*(A) denotes the interior of A with respect 
to T*. 
DEFINITION 2.1. Let (X,7) be a topological space. A subset A of 
X is said to be semi-open [10] if there exists an open set U in X such 
that U C A C cl(U). The complement of a semi-open set is said to be 
semi-closed. The collection of all semi-open (resp. semi-closed) sets in 
X is denoted by SO(X) (resp. SC(X)). The semi-closure of A in (X,7) 
is denoted by the intersection of all semi-closed sets containing A and 
is denoted by scl(A). 


DEFINITION 2.2. For A C X,A,(Z,7) ={ cE X /UNA € Tfor 
every U € SO(X)} is called the semi-local function [7] of A with respect 
to Z and 7, where SO(X, x) = {U € SO(X) : « € U}. We simply write 
A, instead of A,(Z,7) in this case there is no ambiguity. 


It is given in [2] that 7**(Z) is a topology on X, generated by the 
sub basis { U — E : U € SO(X) and E€ I } or equivalently r**Z = 
{U C X : cl**(X —U) = X — U}. The closure operator cl* for a 
topology 7**(Z) is defined as follows: for A C X,cl**(A) = AU A, and 
int** denotes the interior of the set A in (X,7**,Z). It is known that 
T C r*(Z) C 7**(Z). A subset A of (X,7,Z) is called semi-*-perfect 
[8] if A = A. A C (X,7,Z) is called *-semi dense in-itself [8](resp. 
semi-*-closed [8]) if A C A, (resp. A, C A). 


DEFINITION 2.3. A subset A of a topological space X is said to be 


(1) a-open [12}if A C int(cl(int(A))), 

(2) semi-open [10] if A C cl(int(A)), 

(3) pre-open [11] if A C int(cl(A)), 

(4) b-open if [1] A C cl(int(cl(A))), 

(5) a*-set [4] if int(A) = int(cl(int(A))), 

(6) C-set [4] if A = U N V, where U is an open set and V is an 
a*-set, 
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(7) t-set [13] if int(A) = int(cl(A)), 
(8) B-set [13] if A = UNV, where U is an open set and V is a t-set. 


DEFINITION 2.4. A subset A of an ideal topological space (X, 7, T) 
is said to be 

(1) a-Z-open [5]if A C int(cl*(int(A))), 

(2) pre-Z-open [3] if A C int(cl*(A)), 

(3) semi-Z-open [5] if A C cl*(int(A)). 


LEMMA 2.5. For a subset A of a topological space (X,7T), the follow- 
ing properties hold: 

(1) scl(A) = A Uint(cl(A)), 

(2) scl(A) = int(cl(A)), if A is open. 


DEFINITION 2.6. A subset A of an ideal topological space (X, 7, T) 
is called 

(1) t-Z-set [5] if int(cl*(A)) = int(A), 

(2) a*-Z-set|5] if int(cl*int(A))) = int(A), 

(3) s-Z-set [5] if cl*(int(A)) = int(A). 


LEMMA 2.7. [7| Let (X,7,Z) be an ideal topological space and A, B 
be subsets of X. Then for the semi-local function the following properties 
hold: 


(1) If ACB then A, C B,. 

(2) IU €r then UN A, C (UNA), 

(3) A, = aoe ) C scl(A) and A, is semi-closed in X. 
(4) (A i). S 

(5) A B), en U B,. 

(6) If 


is {9}, then A, = scl(A). 


3. a-I,-OPEN, SEMI-Z,-OPEN AND PRE-Z,-OPEN SETS 


In this section we introduced a-Z,-open, semi-Z,-open and pre-Z,- 
open sets and studied some of their properties. 
DEFINITION 3.1. A subset A of an ideal topological space (X, T, T) 
is said to be 


(1) a-Z,-open if A C int(cl**(int(A))), 
(2) semi-Z,-open set if A C cl**(intA)), 
(3) pre-Z,-open set if A C int(cl**(A)). 
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PROPOSITION 3.2. For a subset of an ideal topological space the 
following hold: 

(1) Every a-I,-open set is a-open. 

(2) Every semi-I,-open set is semi-open. 

(3) Every pre-Z,-open set is pre-open. 

Proof. 

(1) Let A be a a-Z,-open set. Then we have 
A C int(cl**(int(A))) = int((int(A)),Uint(A) C int(scl(int(A))U 
int(A)) C int(cl(int(A))Uint(A)) C int(cl(int(A))). This shows 
that A is an a-open. 

(2) Let A be a semi-Z,-open set. Then we have A C cl**(int(A)) = 
(int(A)),Uint(A) C sel(int(A))Uint(A) C cl(int(A))Uint(A)) C 
cl(int(A)). This shows that A is semi-open. 

(3) Let A be a pre-Z,-open set. Then we have A C int(cl**(A)) = 
int(A, U A) C int(scl(A) U A) C int(cl(A) U A) C int(cl(A)). 
This shows that A is pre-open. 

REMARK 3.3. Converse of the Proposition 3.2 need not be true as 
seen from the following example. 

EXAMPLE 3.4. Let X = {a,b,c,d}, T = {¢, {a}, {b}, {a,b}, {a, d}, 
{a,b,d}, X} and T = {¢, {b}, {c}, {b, c}}. Set A = {b,c}, B = {a,b,c}. 
Then A is semi-open but not semi-L,-open, B is an a-open but it is not 
an a-L,-open set. 


EXAMPLE 3.5. Let X = {a,b,c,d}, T = {¢, {a}, {b}, {a,b}, X} and 
T = {¢, {b}, {c}, {b, ch}. Set A = {a,b,c}. Then A is pre-open but not 
pre -LI,-open. 

PROPOSITION 3.6. Every open set of an ideal topological space is 
an a-L,-open set. 

Proof. Let A be any open set. Then we have 

A = int(A) C int(((int(A)), U int(A)) = int(cl**(int(A)). This shows 
that A is an a-Z,-open set. 


REMARK 3.7. Converse of the Proposition 3.6 need not be true as 
seen from the following example. 


EXAMPLE 3.8. Let X = {a,b,c},7 = {¢, {a}, {a,c}, X} and T = 
{od}. Set A = {a,b}. Then A is an a-Z,-open set but AET. 


PROPOSITION 3.9. Every a-Z,-open set is both pre-Z,-open and 
semi-L,-open set. 


Proof. The proof is obvious. 
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REMARK 3.10. Converse of the Proposition 3.9 need not be true as 
seen from the following example. 


EXAMPLE 3.11. Let X = {a,b,c,d},7 = {¢, {d}, {a,c}, {a, c,d}, X} 
and T = {¢, {d}, {c}, {c,d}}. Set A = {a} is pre-Z,-open but it is not 
an a-I,-open set. In Example 3.4, A = {a, b, c} is semi-Z,-open but 
it is not an a-L,-open set. 
PROPOSITION 3.12. For a subset of an ideal topological space the 
following hold. 

(1) Every a-Z,-open set is an a-I-open. 

(2) Every semi-Z,-open set is semi-I-open. 

(3) Every pre-I,-open set is pre-l-open. 
Proof. The proof is obvious. 


REMARK 3.13. Converse of the Proposition 3.12 need not be true 
as seen from the following example. 


EXAMPLE 3.14. In Example 3.4, A = {a, b, c} is an a-L-open but 
it is neither a-L,-open nor pre-I,-open. In Example 3.11, A = {a, b, 
c} is semi-Z-open but it is not semi-L,-open. In Example 3.5, A = {a, 
b, c} is pre-L-open but it is not pre-Z,-open. 

EXAMPLE 3.15. In Example 3.4, A = {a, b, d} is a-Z,-open but it 
is not L-open. 


PROPOSITION 3.16. We have the following diagram among several 
sets defined above. 


open ———————-» -Z,-open 





semi-Z,-open 


sy | 


a-Z-open——————————_ sem i-Z-open 


i | 


a-open ——_» Semi-open 


’ | 


pre-Z,-open ———————————_> pre-T-open—— _ pre-open———» _ f-open 


PROPOSITION 3.17. Let (X,7,Z) be an ideal topological space and 
A an open subset of X. Then the following hold, if T = {¢}, then 
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(1) A is a-Z,-open if and only if A is a-open. 
(2) A is semi-Z,-open if and only if A is semi-open. 
(3) A is pre -Z,-open if and only if A is pre -open. 


Proof. If T = {¢}, then A, = scl(A) for any subset A of X and hence 
cl (A) = A, UA = scl(A). 

(1) By Proposition 3.2, every a-Z,-open set is an a-open. Converse- 
ly, if A is a-open then A C int(cl(int(A))) = scl(int(A)) = 
cl**(int(A)). Hence A = int(A) C int(cl**(int(A))). Therefore 
A is a-Z,-open. Thus A is a-Z,-open if and only if A is a-open. 

(2) By Proposition 3.2, every semi-Z,-open set is semi-open. Con- 
versely, if A is semi-open then A C cl(int(A)). Hence A = 
int(A) C int(cl(int(A))) = scl(int(A)) = cl**(int(A)). There- 
fore A is semi-Z,-open. Thus A is semi-Z,-open if and only if A 
is Semi-open. 

(3) By Proposition 3.2, every pre -Z,-open set is pre -open. Con- 
versely, if A is pre -open then A C int(cl(A)) = scl(A) = 
cl**(A). Hence A = int(A) C int(cl**(A)). Therefore A is pre- 
T,-open. Thus A is pre -Z,-open if and only if A is pre-open. 


4. Bzs-SETS, Cz,-SETS AND Sz,-SETS 


In this section we introduce Bz,-sets, Cz,-sets and Sz,-sets and s- 
tudied some of their properties. 
DEFINITION 4.1. A subset A of an ideal topological space (X, 7, T) 
is called 
(1) t-Z,-set if int(cl**(A)) = int(A), 
(2) a*-Z,-set if int(cl**(int(A))) = int(A), 
(3) s-Z,-set if cl**(int(A)) = int(A). 


DEFINITION 4.2. A subset A of an ideal topological space (X, 7, T) 
is called 

(1) Bzs-set if A= U N V, where U € T and V is a t-Z,-set, 

(2) Crs-set if A= UNV, where U €7 and V is an a*-Z,-set, 

(3) Sz.-set if A= UNV, where U € T and Visas -Z,-set. 


PROPOSITION 4.3. Let (X,7,Z) be an ideal topological space and 
A be a subset of X. Then the following holds: 

(1) If A is a t-set then A is a t-Z,-set. 

(2) If A is an a*-set then A is an a*-T,-set. 

(3) If A is a semi-*-perfect then A is a t-L,-set. 

(4) If A is a t-I,-set then A is an a*-Z,-set. 


Proof. 
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(1) Let A be a t-set. Then we have int(cl**(A)) = int(A UA) C 
int(scl(A) U A) C int(cl(A) U A) = int(cl(A)) = int(A). Now 
A C cl**(A) and int(A) C int(cl**(A)). Therefore we obtain 
int(cl**(A)) = int(A). 

(2) Let A be an a*-set. Then we have 


int(cl**(int(A))) = int((int(A)), U int(A)) C int(scl(int(A)) U 
int(A)) C int(cl(int(A)) Uint(A)) = int(cl(int(A))) = int(A). 
Now int(A) C cl**(int(A)) and int(A) C int(cl**(int(A))). 


Therefore we obtain int(cl**(int(A))) = int(A). 

(3) Let A be a semi-*-perfect. Then int(cl**(A)) = int(A, U A) = 
int(A). 

(4) Let A be a t -Z,-set. Then we have int(A) = int(cl**(A)) 2 
int(cl**(int(A))) D int(A) and hence int(cl**(int(A))) = int(A). 


REMARK 4.4. Converse of the Proposition 4.3 need not be true as 
seen from the following example. 


EXAMPLE 4.5. In Example 3.4, A = {a, b, d} is both t-Z,-set and 
a*-Z,-set but it is neither t-set nor a*-set 


EXAMPLE 4.6. Let X = {a,b,c,d},= {¢, {c}, {a,b}, {a,b,c}, X} 
and T = {¢,{a}}. Set A = {b, c, d} is a*-Z,-set but it is not t-L,-set 
also B = {a, c, d} is t-Z,-set but it is not semi-*-perfect. 


PROPOSITION 4.7. Let (X,7,Z) be an ideal topological space and 
A be a subset of X. Then the following holds: 


(1) If A is a t-Z,-set then A is a Bz,-set. 
(2) If A is an a*-T,-set then A is a Cz,-set. 
(3) If A is a s-Z,-set then A is a Stz.-set. 


Proof. 


(1) Let A be a t -Z,-set. If we take U = X € 7, then A= UNA 
and hence A is a Bz,-set. 

(2) This is obvious. 

(3) Trivial. 


REMARK 4.8. We have the following diagram among several sets 
defined above. 
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a*-set — C-set <— B-set << tset 


| | | | 


a*-T,-set ——> (C7z,-set <—— Bzrs-set <—— t-Z,-set 


| | 


s-L,-set ———> S7,-set 

EXAMPLE 4.9. In Example 4.6, A = {b, c, d} is s-Z,-set but it is not 
t-I,-set. Therefore A is a Sz,-set but not a Bz,-set. For cl**(int(A)) = 
cl**({c}) = {c} U {c} = int(A) and hence A is a Sz,-set. Since A, = 
X, int(cl**(A)) = int(A, UA) = X F {c} = int(A) and hence A is not 
a t-£,-set and A is not a Brg-set. 

EXAMPLE 4.10. Let X = {a,b,c,d},= {¢, {b}, {c,d}, {b, c,d}, X} 
and I = ¢, set A = {b} is a t-Z,-set and hence a Bz,-set. But A = {b} 
is not a Sz,-set. For cl**(int(A)) = cl**({b}) = {b} U {a,b} = {a,b} F 
a = int(A) and hence A is not a s-T,-set . 


EXAMPLE 4.11. In Example 3.4, A = {a} is both a-Z,-open and 
semi-L,-open but it is neither Cz,-set nor Sz.-set. 


REMARK 4.12. The notion of pre-I,-openness (resp. a-I,-openness, 
semi-I,-openness) is different from Bz,-sets (resp. Cz5-sets, Szs-sets). 


EXAMPLE 4.13. In Example 3.4, A = {a, b, c} is a pre-I,-open, 
but it is not a Bz,-set. Since A is not a t-Z,-set. B = {b, c} is a 
t-Z,-set and hence B is a Brz,-set but it is not a pre-L,-open. 


EXAMPLE 4.14. Let X = {a,b,c,d},7 = {¢, {a}, {b}, {a,b}, {a, d}, 
{a,b,d},X} and I = {¢, {d}}. Set A = {a,b,c} is a semi-I,-open, but 
it is not a Sz,-set. Since A is not a s-I,-set. B = {b, c} is a s-L,-set 
and hence B is a Sz.-set but it is not a semi-L,-open. 


EXAMPLE 4.15. Let X = {a,b,c,d},7 = {¢, {a}, {b}, {a,b}, X} 
and T = {@,{c}}. Set A = {a,b,c} is an a-Z,-open, but it is not a 
Cr,-set. Since A is not a a*-T,-set. B = {b, c} is a Szs-set and hence 
B is a Cz,-set but it is not a a-L,-open. 
PROPOSITION 4.16. Let (X,7,Z) be an ideal topological space and 
A be a subset of X. Then the following conditions are equivalent: 

(1) A is open. 

(2) A is pre-Z,-open and Bzs-set. 

(3) A is a-Z,-open and Cz,-set. 

(4) A is semi-I,-open and Sz.-set. 
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Ne) 


Proof. (a) = (b), (a) = (c) and (a) = (d) are obvious. 

(b) = (a) : By the pre-Z,-openness of A, A C int(cl**(A)) = int(cl**(UN 
V)), where U € 7 and V is a t-Z,-set. Hence A C int(cl**(U)) NA 

int(cl**(V)). Now A C UNA C UN [int(cl*(U)) Nint(V)] = UN 

int(V) = int(A). This shows that A is open. 

(c) = (a): 

By the a-Z,-openness of A, A C int(cl**(int(A))) = int(cl*(int(U N 

V))), where U € 7 and V is a a*-T,-set. Hence A C int(cl**(int(U))) NA 

int(cl**(int(V))). Now A CUNA CUN [int(cl**(int(U))) Nint(V)] = 

U Nint(V) = int(A). This shows that A is open. 

(d) > (a): 

By the semi-Z,-openness of A, A C cl**(int(A)) = cl**(int(U NV)), 

where U € 7 and V is as-Z,-set. Hence A C cl**(int(U)) Ncl**(int(V)). 

Now ACUNACUN [el*(int(U)) NA int(V)] = U Nint(V) = int(A). 

This shows that A is open 


5. DECOMPOSITION OF CONTINUITY 


In this section we introduce a-Z,-continuous, semi -Z,-continuous, 
pre -Z,-continuous and studied some of their properties. 
DEFINITION 5.1. A function f : (X,7,Z) > (Y,¢) is said to be 
a-Z-continuous [5] (resp. semi -Z-continuous[5], pre -Z-continuous|3}]) 
if for every V € ø, f -1(V) is an a-Z-set (resp. semi -Z-set, pre -Z-set) 
of (X,7,Z). 


DEFINITION 5.2. A function f : (X,7,Z) — (Y,¢) is said to be 
a-continuous|12] (resp. semi -continuous|10], pre -continuous|11] if for 
every V € ø, f-'(V) is an a-open (resp. semi-open, pre-open) of (X,7). 


DEFINITION 5.3. A function f : (X,7) > (Y, c) is said to be a-Z,- 
continuous(resp. semi -Z,-continuous, pre -Z,-continuous) if for every 
V €o,f '(V) is an a-Z,-set (resp. semi-Z,-set, pre -Z,-set) of (X, T, T). 


PROPOSITION 5.4. Ifa function f : (X,7,Z) — (Y,c) is said to be 
a-I,-continuous(resp. semi -Z,-continuous, pre -I,-continuous) then f 
is a-continuous (resp. semi-continuous, pre-continuous). 


Proof. This is an immediate consequence of Proposition 3.2 


PROPOSITION 5.5. Ifa function f : (X,7,Z) — (Y,c) is said to be 
a-I,-continuous(resp. semi -I,-continuous, pre -£,-continuous) then f 
is a-I-continuous (resp. semi -L-continuous, pre -L-continuous). 


Proof. This is an immediate consequence of Proposition 3.12 
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DEFINITION 5.6. A function f : (X,7) > (Y,¢) is said to be B- 
continuous[13] (resp. C-continuous|4]) if for every V € ø, f7}(V) is a 
B-set (resp. C-set) of (X,T). 


DEFINITION 5.7. A function f : (X,7,Z) > (Y,¢) is said to be Bz- 
continuous [5] (resp. Cz-continuous|5], Sz-continuous|5]) if for every 
V €0,f '(V) is an Br-set (resp. Cz-set, Sz-set) of (X,7, I). 


DEFINITION 5.8. A function f : (X,7,Z) — (Y,¢) is said to be 
By,-continuous (resp. C'z,-continuous, $z,-continuous) if for every V € 
o, f-'(V) is an Bzs-set (resp. Czs-set, Sz.-set) of (X,7, T). 


PROPOSITION 5.9. If a function f : (X,7,Z) — (Y,c) is said to 
be B-continuous(resp. C'-continuous) then f is Bz,-continuous (resp. 
Cr,-continuous). 


Proof. Proof is obvious. 


THEOREM 5.10. Let (X,7,Z) be an ideal topological space for a 
function f : (X,7,Z) > (Y,o) the following conditions are equivalent: 
(1) f is continuous. 
(2) fis pre -Z,-continuous and Bz,-continuous. 
(3) fis a-Z,-continuous and Cz,-continuous. 
(4) fis semi -Z,-continuous and Szs-continuous. 


Proof. Proof is trivial from Proposition 4.16 


COROLLARY 5.11. Let (X,7,Z) be an ideal topological space and 
T = {¢} and A is open. For a function f : (X,7,Z) > (Y,c) the 
following conditions are equivalent: 

(1) f is continuous. 

(2) fis pre-continuous and B-continuous. 

(3) fis a-continuous and C-continuous. 


Proof. Since Z = {¢}, we have A, = scl(A) and cl**(A) = A, UA = 
scl(A) for any open subset A of X. Therefore we obtain (a)a-Z,-open 
(resp. pre -Z,-open) if and only if it is a-open (resp. Pre-open) (b) A 
is a Cz,-set (resp. Bz,-set) if and only if it is a C-set (resp. B-set). 
The proof follows from Theorem 3.10 
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